A Virtual Synchronous Machine implementation for distributed control of power converters in SmartGrids  by D’Arco, Salvatore et al.
A
c
S
a
b
a
A
R
R
A
A
K
D
E
I
P
S
V
1
m
t
m
o
p
w
i
s
i
e
c
T
o
s
p
r
t
h
0Electric Power Systems Research 122 (2015) 180–197
Contents lists available at ScienceDirect
Electric  Power  Systems  Research
j o ur nal ho me  page: www.elsev ier .com/ lo cate /epsr
 Virtual  Synchronous  Machine  implementation  for  distributed
ontrol  of  power  converters  in  SmartGrids
alvatore  D’Arcoa,  Jon  Are  Suula,b,∗, Olav  B.  Fossob
SINTEF Energy Research, 7465 Trondheim, Norway
Department of Electric Power Engineering, Norwegian University of Science and Technology, 7495 Trondheim, Norway
 r  t  i  c  l e  i  n  f  o
rticle history:
eceived 1 February 2014
eceived in revised form 18 October 2014
ccepted 3 January 2015
vailable online 2 February 2015
eywords:
istributed generation
nergy conversion
nertia emulation
ower electronic control
mall-signal stability
irtual Synchronous Machine
a  b  s  t  r  a  c  t
The  ongoing  evolution  of  the  power  system  towards  a  “SmartGrid”  implies  a dominant  role  of  power
electronic  converters,  but poses  strict  requirements  on their  control  strategies  to  preserve  stability  and
controllability.  In  this  perspective,  the deﬁnition  of  decentralized  control  schemes  for power  converters
that  can  provide  grid  support  and  allow  for  seamless  transition  between  grid-connected  or  islanded
operation  is  critical.  Since  these  features  can  already  be  provided  by synchronous  generators,  the  concept
of Virtual  Synchronous  Machines  (VSMs)  can  be  a suitable  approach  for controlling  power  electronics
converters.  This  paper  starts  with  a discussion  of  the  general  features  offered  by the  VSM  concept  in
the  context  of  SmartGrids.  A  speciﬁc  VSM  implementation  is  then  presented  in  detail  together  with  its
mathematical  model.  The intended  emulation  of the  synchronous  machine  characteristics  is illustrated
by  numerical  simulations.  Finally,  stability  is assessed  by  analysing  the  eigenvalues  of  a  small-signal
model  and  their  parametric  sensitivities.
© 2015  The  Authors.  Published  by  Elsevier  B.V. This  is  an  open  access  article  under  the  CC  BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
. Introduction
The increasing penetration of power generation from renewable energy sources and the transition from a centralized power production
odel to distributed generation are expected to pose serious challenges to the development and operation of future power systems. This
endency is a strong motivation behind the paradigm shift from the traditional power system architecture towards an approach ensuring
ore ﬂexibility and coordination between the generation units and loads that is promised by “SmartGrids” [1]. At the same time, the share
f the electric power transferred through the power system which is processed by at least one power electronic conversion stage in the
ath from primary energy conversion to ﬁnal consumption is continuously increasing. Already in 2007, it was  estimated that this share
ould reach 80% around 2015 [2], and even if the development has been slightly slower, such a high share of power electronic conversion
s expected to be exceeded during the coming years. Thus, power electronic control will have a crucial role in the emerging SmartGrid
cenario, as the presence of power converters in the power system and their impact on global stability and controllability continues to
ncrease.
Although the ongoing SmartGrid developments point towards an increasing level of communication and integration between various
lements of the power system, distributed architectures with local primary control of converters combined with centralized secondary
ontrol seem to be an appropriate approach for optimizing steady-state operation while ensuring immediate response to transient events.
hus, converter units should be able to react autonomously to abrupt changes in the power system operating conditions, while complying
n a longer time scale with the set-points and service requirements requested by the system operator through external communication.
In classical power systems, the Synchronous Machine (SM) with speed governor and excitation control offers favourable features to
upport the system operation within a distributed control scheme. Indeed, SMs  contribute to the system damping through their inertia,
articipate in the primary frequency regulation through the droop response of the speed controller, and provide local control of voltage or
eactive power ﬂow. These capabilities, and especially the inertial and damping response common to all SMs, are not inherently offered by
he power electronics interfaces commonly adopted for the integration of renewable energy sources. A distributed model for production
∗ Corresponding author at: SINTEF Energy Research, 7465 Trondheim, Norway. Tel.: +47 95910913; fax: +47 73594279.
E-mail  address: Jon.A.Suul@sintef.no (J.A. Suul).
ttp://dx.doi.org/10.1016/j.epsr.2015.01.001
378-7796/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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nd local control is also opening the possibility of islanded operation, which is inherently feasible with one or more controllable SMs  in
he islanded area. Such islanding operation is usually more complex to achieve with power converter interfaces designed for integration
ith a large-scale power system.
Power from many traditional large-scale generation facilities is currently being replaced by distributed generation capacity from wind
ower and photovoltaics. The traditional control structures implemented in the power converters for these applications rely on the syn-
hronization to a stable grid frequency supported by large rotating inertias and are not inherently suitable in a SmartGrid context. Thus,
rom an implementation perspective, signiﬁcant research efforts are still devoted towards development of control schemes for power
lectronic converters explicitly conceived to address the conditions emerging in future SmartGrids. Given the inherent beneﬁts of the SMs
utlined above, a captivating approach is the control of power electronic converters to replicate the most essential properties of the SM
nd by that gain equivalent features from a functional point of view. Thus, several alternatives for providing auxiliary services like reactive
ower control, damping of oscillations and emulation of rotating inertia with power electronic converters have been proposed [3–8]. Some
f these control strategies are explicitly designed to mimic  the dynamic response of the traditional SM,  and can therefore be classiﬁed in
road terms as Virtual Synchronous Machines (VSM).
During the last decade, several concepts for VSMs have been presented with different names and different practical implementations
4,8–12]. The ﬁrst review studies providing an overview of implementations have been recently published in [10,13], with an attempt to
eﬁne a classiﬁcation framework presented in [10]. The review in [10] also highlights how some implementations offer only partially the
eneﬁts of the SMs  while only a few can ensure features as island operation of single or multiple units.
Most previous studies of VSM-based control strategies have presented particular implementation schemes which have been veriﬁed
y time-domain simulations and/or laboratory experiments. A ﬁrst study that included detailed modelling and small-signal stability of
 particular VSM implementation was presented in [14]. However, this model was  mainly developed for tuning of the converter control
oops and did not consider the primary power-frequency control or the dynamics of the grid frequency detection needed to ensure an
mplementation of the VSM damping effect that adapts to variations in the grid frequency. A VSM system model addressing also these
ssues was recently presented in [15].
This paper includes a comprehensive treatment of a particular VSM implementation, starting from a discussion of the comparative
dvantages offered by the VSM concept in the context of SmartGrids in abstract terms. Then a brief overview of the VSM development status
s offered, with the purpose of identifying general preferences for selecting speciﬁc implementations for future SmartGrid applications.
he selected implementation is based on an internal representation of the SM inertia and damping behaviour through a reduced order
wing equation, together with cascaded voltage and current controllers for operating a Voltage Source Converter (VSC), based on the
eneral scheme from [15]. The paper derives step-by-step a detailed nonlinear mathematical model for this VSM implementation, and
 corresponding small signal model in order to apply linear analysis techniques to the system in the perspective of stability assessment
nd controller tuning. The effect of system parameters on the poles of the linearized system model is also analyzed by calculating the
arametric sensitivities of the system eigenvalues. The features and performance of the investigated VSM and its linearized small-signal
odel is veriﬁed with reference to a few selected cases by numerical simulations.
. Application of Virtual Synchronous Machines in the SmartGrid context
Power generation from distributed renewable energy sources like wind and photovoltaic power plants is usually connected to the
ower grid through actively controlled power electronic converters, and similar interfaces are applied for energy storage systems and an
ncreasing share of controllable loads. The conventional scheme for such grid connected power converters is based on current controlled
oltage Source Converters (VSCs), which are synchronized to the measured grid voltage through a Phase Locked Loop (PLL) [16]. This
pproach usually requires a relatively strong grid with the presence of units that can maintain and stabilize the grid frequency and voltage.
ven if auxiliary services like frequency and voltage support can be provided by current controlled VSCs, this functionality must be added
hrough additional outer loop controllers which are not inherently applicable for operation in islanded mode [17]. Although this approach
an be suitable for a relatively low penetration of grid connected converters, it does not seem sustainable for operation in a long term
martGrid perspective with the expected dominant presence of power electronic conversion units and a high degree of ﬂexibility in the
etwork conﬁgurations.
.1. Challenges for power converter control in future SmartGrids
In the last decade, several alternative concepts and approaches for control and operation of power converters distributed in the power
ystem have emerged. A noticeable example from the overall system operation point-of-view is the concept of Virtual Power Plants (VPPs)
hat aims to aggregate generation resources, energy storages and loads into clusters that can be controlled by the distribution system
perator in a similar way as traditional power plants [18,19]. Such VPPs should coordinate the controllable units while ensuring supply to
he uncontrolled loads in the system, but must also be able to supply auxiliary services like control of voltage or reactive power ﬂow and
upport the frequency regulation of the system. In small isolated power systems, or in case parts of the distribution system should be able
o operate in islanded mode, the generation units aggregated together in one VPP must also ensure a sufﬁcient system inertia to keep the
ystem stable while maintaining the power balance without large frequency deviations. The VPP concepts currently under development
re capable of providing frequency-activated power support to the system within a few seconds, and can therefore ensure the steady-state
ower balance [20]. However, a faster response is required for ensuring an inertia-based power-frequency balance that will be able to
eep the system stable in transient conditions. As mentioned, such a power-frequency response is a natural feature of traditional SMs
hich is not inherently present in the current controlled VSCs usually applied for integrating renewable sources to the grid. SMs offer also
dditional advantages as automatic synchronization and power sharing in response to changes in the operating conditions.
From these considerations it appears that a SmartGrid can represent a challenging environment for power converter control schemes,
specially due to the possible large penetration of power electronics and the variability of the operating conditions. Indeed, a large pen-
tration of converter-interfaced units will correspond to a lower level of physical inertia than in traditional power system dominated by
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arge synchronous machines, and in certain conditions it can even be necessary to operate pure power electronic, inertia-less, systems.
onsidering that a ﬂexible SmartGrid framework can result in more frequent reconﬁgurations of the power system, with corresponding
ariations in equivalent grid impedance and the possibility to operate parts of the system as groups of electrical islands, the variability of
he conditions can introduce a further dimension of complexity. This can also lead to larger and more frequent transients and corresponding
equirements for the control systems to maintain individual stable operation as well as contributing to the system stability in a wide range
f operating conditions. The design of power electronic control schemes should cope with these challenges and preferably mitigate their
ffects.
One of the general characteristics of the emerging SmartGrid scenario is the presence of a communication infrastructure that can increase
he volume of signal interaction between controllable units in the power system and facilitate their coordination. This can lead to a wide
ange of options for centralized control schemes, like the mentioned concept of VPPs, where references are determined by a centralized
ontrol unit and distributed to the individual converters. However, it should be noted that reducing the necessity of communication between
he units, especially during transients, can increase the robustness of the system and reduce the risks in the event of temporary unavailability
f the communication infrastructure. Thus, distributed control concepts where individual units can autonomously deﬁne their transient
esponse based on local measurements are still relevant. Moreover, decentralized schemes where only steady-state references or set-points
re distributed from a centralized system controller can lower the requirements in terms of bandwidth and latencies for the communication
nfrastructure, resulting in lower installation and operation costs. Multiple examples of possible solutions for decentralized control of power
lectronic converter can be found in the large literature on isolated MicroGrids [17,21,22] although an exhaustive analysis is beyond the
cope of this paper. However, not all of these schemes are suitable for SmartGrid applications where the converter are expected to operate
ost of the time in grid connected mode. It should also be mentioned that most control schemes that allow for both grid connected and
tand-alone operation while also maintaining some decentralized control features, tend to be fairly complicated since transitions between
hese two modes usually require a reconﬁguration of the control structure.
.2. General characteristics of VSMs
In the emerging SmartGrid context, the VSM concept can offer a basis for realizing ﬂexible decentralized converter control schemes that
an operate both in grid connected and islanded conditions, and that can almost seamlessly switch between the corresponding operating
odes. Furthermore the inherent inertial characteristic of the VSM can provide services as frequency support and transient power sharing
s primary control actions. These are indeed based only on local measurement and do not depend on external communications as in typical
lternative schemes. Still, there is no conﬂict between this local controllability and the ability to operate in a hierarchical structure while
ollowing external references and set-points provided by a centralized controller for optimizing the system operation. Moreover, a further
dvantage of the VSM approach lies in its conceptual simplicity, due to the immediate and intuitive physical interpretation of its behaviour
ith analogy to the corresponding behaviour of a physical machine.
The dominant behaviour of SMs  in terms of inertia response and damping can be modelled by the traditional swing equation [23].
onsidering these general characteristics, several control strategies have been developed for allowing power electronic converters to
rovide synthetic or virtual inertia to the power system, and have been proposed for a variety of applications like for instance wind
urbines, energy storage systems and HVDC transmission schemes [3–14,24–26]. Some of these control methods provide a synthetic
nertial response to variations in the grid frequency and only a few aims to explicitly replicate the features of the traditional SMs. However,
mulation of the inertia and damping effects requires an energy buffer with sufﬁcient capacity to represent the energy storage effect of
he emulated rotating inertia available. Thus, the amount of virtual inertia that can be added to the system by a single VSM unit will be
imited by the DC-side conﬁguration and by the current rating of the converter.
The current state of the art on the VSM concept has been presented in [10,13]. These reviews identify that some of the implementations
roposed as VSMs do not exploit the full potential of the concept because they still rely on a PLL for detecting the grid voltage phase angle,
he grid frequency and its derivative, thus requiring the presence of rotating inertia in the grid. Other proposed implementations of the
SM concept are based on the simulation of an internal mathematical SM model inside the control system providing a voltage reference
utput for the PWM  [9]. However, direct open loop PWM  signal generation from these voltage references prevents the possibility to
xplicitly embed the limitations and controlled saturations of voltages and currents that are normally required as protective functions for
afe operation of power electronic converters. These protective functions can be easily included in a cascaded control scheme [10,17,27,28]
here the output from the VSM inertia emulation is used as reference for a voltage control loop cascaded with an internal current control
oop. Numerically, this approach is sufﬁciently robust for practical implementations and will in the following be assumed as the reference
SM scheme, elaborated from previous studies in [14,15]. It can also be noted that the implementation of a VSM based on the swing
quation providing references for operation of the converter, under certain conditions has been shown to be equivalent to the frequency-
roop-based control strategies ﬁrst developed for Uninterruptable Power Supply (UPS) systems and MicroGrids, as demonstrated in [10,29].
owever, the interpretation of the parameters in a VSM approach seems to be simpler and more intuitive than the equivalent parameters
n the commonly applied MicroGrid schemes and, thus, preferable.
. Mathematical model of the VSM reference implementation
This section describes the control scheme for the selected VSM reference implementation, considering each functional block, and derives
he corresponding mathematical model.
.1. Control system overviewAn overview of the studied VSM conﬁguration is shown in Fig. 1, where a VSC is connected to a grid through an LC ﬁlter. In the
ollowing, the switching effects of the VSC are neglected and an ideal average model is assumed for modelling the converter. Furthermore,
o application-speciﬁc constraints of the DC-side of the VSC are considered and, thus, modelling and control of the energy source or storage
n the DC side of the converter is not further discussed.
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The VSM-based power control with virtual inertia provides frequency and phase angle references ωVSM and VSM to the internal control
oops for operating the VSC, while a reactive power controller provides the voltage amplitude reference vˆr
∗
. Thus, the VSM inertia emulation
nd the reactive power controller appear as outer loops providing the references for the cascaded voltage and current controllers. A PLL
etects the actual grid frequency, but this frequency is only used for implementing the damping term in the swing equation. Thus, the
peration of the inner loop controllers does not rely on the PLL as in conventional VSC control systems, but only on the power-balance-based
ynchronization mechanism of the VSM inertia.
.2. Modelling conventions
In Fig. 1, upper case symbols represent physical values of the electrical circuit. The control system implementation and the modelling
f the system are based on per unit quantities, denoted by lower case letters where the base values are deﬁned from the apparent power
ating and the rated peak value of the phase voltage [30].
The modelling, analysis and control of the electrical system is implemented in Synchronous Reference Frames (SRFs). The transformation
rom the stationary reference frame into the SRFs are based on the amplitude-invariant Park transformation, with the d-axis aligned with
 voltage vector and the q-axis leading the d-axis by 90◦ [30]. Thus, the magnitude of current and voltage vectors at rated conditions is
.0 pu.
Whenever possible, SRF equations are presented in complex space vector notation as:
x = xd + j · xq (1)
Thus, active and reactive powers can be expressed on complex or scalar form as:
p = Re(v ·i) = vd · id + vq · iq
q = Im(v ·i) = −vd · iq + vq · id
(2)
The current directions indicated in Fig. 1 result in positive values for active and reactive powers ﬂowing from the converter into the
rid.
.3. System modelling
In the following sub-sections, the implementation of each functional block of the VSM-based control and the mathematical models of
ll system elements from Fig. 1 are presented as a basis for developing a non-linear model of the system. This system model will also be
sed to establish a linearized small-signal state-space representation.
.3.1. VSM inertia emulation and active power droop control
The emulation of a rotating inertia and the power-balance based synchronization mechanisms of this virtual inertia is the main difference
etween the investigated VSM control structure and conventional control systems for VSCs. The VSM implementation investigated in this
ase is based on a conventional swing equation representing the inertia and damping of a traditional SM [10,14]. The swing equation used
or the implementation is linearized with respect to the speed so that the acceleration of the inertia is determined by the power balance
ccording to:
dωVSM
dt
= p
r∗
Ta
− p
Ta
− pd
Ta
(3)In this equation, pr* is the virtual mechanical input power, p is the measured electrical power ﬂowing from the VSM into the grid, and
d is the damping power, while the mechanical time constant is deﬁned as Ta (corresponding to 2H in a traditional SM). The per unit
echanical speed ωVSM of the virtual inertia is then given by the integral of the power balance while the corresponding phase angle VSM is
iven by the integral of the speed. A block diagram showing the implementation of the VSM swing equation is shown on the right in Fig. 2.
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The VSM damping power pd, representing the damping effect of a traditional SM,  is deﬁned by the damping constant kd and the difference
etween the VSM speed and the actual grid frequency. Thus, an estimate of the actual grid frequency is needed for the VSM implementation.
s indicated in the ﬁgure, the frequency estimate is in this case labelled as ωPLL and is provided by a PLL.
An external frequency droop, equivalent to the steady-state characteristics of the speed governor for a traditional synchronous machine,
s included in the power control of the VSM as shown in the left part of Fig. 2. This power-frequency droop is characterized by the droop
onstant kω acting on the difference between a frequency reference ω∗VSM and the actual VSM speed ωVSM. Thus, the virtual mechanical
nput power pr* to the VSM swing equation is given by the sum of the external power reference set-point, p*, and the frequency droop
ffect, as shown on the left of Fig. 2.
For modelling the VSM in a SRF, the phase angle of the VSM in grid connected mode should be constant under steady-state conditions
nd should correspond to the phase displacement between the virtual position of the VSM internal voltage and the position of the grid
oltage vector. Since only the deviation of the VSM speed from the actual grid frequency should be modelled to achieve this, a new set
f variables representing the speed deviation ıωVSM and the corresponding phase angle difference ıVSM is introduced. Thus, the power
alance of the VSM inertia can be expressed by (4), while the VSM phase displacement is deﬁned by (5):
dıωVSM
dt
= p
∗
Ta
− p
Ta
− kd(ωVSM − ωPLL)
Ta
− kω(ωVSM − ω
∗)
Ta
(4)
dıVSM
dt
= ıωVSM · ωb (5)
Since the VSM speed in steady state will become equal to the grid frequency ωg, the frequency deviation ıωVSM will return to zero under
table grid connected operation.
The actual per unit speed of the VSM shown in the block diagram of Fig. 2 can be expressed from the speed deviation ıωVSM resulting
rom (4) and the grid frequency ωg as given by (6). The corresponding VSM phase angle VSM is then deﬁned by (7)
ωVSM = ıωVSM + ωg (6)
dVSM
dt
= ωVSM · ωb (7)
The phase angle VSM will then become a saw-tooth signal between 0 and 2, which is the phase angle that will be used for the
ransformation between the rotating reference frame deﬁned by the VSM inertia and the three-phase signals, as indicated in Fig. 1.
.3.2. Reactive power droop controller
The droop-based reactive power controller applied in this case is similar to the controllers commonly applied in microgrid systems
17,27]. The voltage amplitude reference vˆr
∗
used for the inner loop voltage and current control is then calculated by (8) where vˆ∗ is the
xternal voltage amplitude reference and q* is the reactive power reference. The gain kq is the reactive power droop gain acting on the
ifference between the reactive power reference and the ﬁltered reactive power measurement qm. The state of the corresponding ﬁrst order
ow pass ﬁlter applied in this case is deﬁned by (9), where ωf is the cut-off frequency. A block diagram of the resulting control structure is
hown in Fig. 3:
vˆr∗ = vˆ∗ + kq(q∗ − qm) (8)
dqm
dt
= −ωf · qm + ωf · q (9).3.3. Reference frame orientations
The synchronization of the VSM control system to the grid is based on the phase angle orientation of the virtual rotor of the VSM, and
he phase angle VSM is used in the transformations between the stationary reference frame and the VSM-oriented SRF. Thus, the power
Fig. 3. Reactive power droop controller.
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Fig. 4. Vector diagram deﬁning the SRF and voltage vector orientations.
alance of the VSM swing equation will ensure the synchronization to the grid voltage without the need for a traditional PLL. Since the VSM-
riented SRF in steady state rotates with the same frequency as the grid voltage, this phase angle will be continuously increasing between
 and 2, as indicated in the vector diagram shown in Fig. 4. According to its deﬁnition, the phase angle ıVSM is instead representing the
hase difference between the VSM SRF orientation and the rotating grid voltage vector, as also indicated in Fig. 4.
The VSM-oriented SRF is used for both control and modelling of the system, and therefore, also the model of the electrical system
ill be represented in this reference frame. This has signiﬁcant advantages for the modelling of the system, since multiple reference
rame transformations between a local SRF for controller implementation and a global SRF for electrical system modelling can be avoided.
onsidering the amplitude of the equivalent grid voltage vˆg to be known, the voltage vector vg in the VSM-oriented SRF can then be
xpressed by (10):
vg = vˆge−jıVSM (10)
By the power-balance-based synchronization effect of the VSM swing equation, the control system deﬁnes its own  reference frame
rientation with respect to the grid voltage. In principle, no additional reference frames are needed to model the system from Fig. 1.
owever, since an estimate for the grid frequency is used to implement the VSM damping effect, a PLL operating on the measured voltage
o at the ﬁlter capacitors is implemented as part of the control system. Thus, this PLL will establish its own SRF aligned with the voltage
ector vo. The phase angle displacement of this PLL with respect to the grid voltage can then be deﬁned as ıPLL in a similar way as for
he phase angle displacement of the VSM. The detailed implementation of the PLL will be presented in the following sub-section, but the
eﬁnition of its steady state phase displacement ıPLL with respect to the grid voltage, and the corresponding phase angle PLL between
he rotating PLL-oriented SRF and the stationary reference frame, is shown in Fig. 4.
According to the deﬁnitions indicated in Fig. 4, the phase angle between the VSM and PLL oriented SRFs will be deﬁned by the difference
etween the VSM and PLL angles. For modelling of the PLL in its own  reference frame, the voltage vo at the ﬁlter capacitors can be
ransformed from the VSM-oriented reference frame to the PLL-oriented reference frame by:
vPLLo = vVSMo e−j(ıPLL−ıVSM ) (11)
.3.4. Phase locked loop
The Phase Locked Loop (PLL) applied in this case for tracking of the actual grid frequency is based on [31,32] and its structure is shown
n Fig. 5. This PLL is using ﬁrst order low-pass ﬁlters on the estimated d- and q-axis voltage components and an inverse tangent function to
alculate the phase angle error of the PLL. This phase angle error e is the input to a PI controller tracking the frequency of the measuredPLL
oltage. For the practical implementation, the estimated frequency ωPLL is then integrated to obtain the estimate of the actual instantaneous
hase angle PLL used for transformation of the voltage measurements into the PLL-oriented SRF. For modelling of the PLL, the voltage vector
o in the VSM-oriented SRF must be transformed into the PLL-oriented SRF according to (11).
Fig. 5. Phase locked loop.
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The states of the applied ﬁrst order low-pass ﬁlters in the PLL, deﬁning the ﬁltered voltage vPLL, can be expressed by (12), where the
ut-off frequency of the applied low pass ﬁlters is given by ωLP,PLL:
dvPLL
dt
= −ωLP,PLL · vPLL + ωLP,PLL · voe−j(ıPLL−ıVSM ) (12)
The integrator state εPLL of the PI controller can then be deﬁned by:
dεPLL
dt
= tan−1
(
VPLL,q
VPLL,d
)
(13)
In the same way as explained for the SRF modelling of the VSM swing equation, a speed deviation ıωPLL with respect to the grid frequency
s deﬁned for the PLL according to (14). The corresponding phase angle displacement, ıPLL, of the PLL is then deﬁned by (15):
ıωPLL = kp,PLL · tan−1
(
VPLL,q
VPLL,d
)
+ ki,PLL · εPLL (14)
dıPLL
dt
= ıωPLL · ωb (15)
In accordance with the deﬁnitions introduced for the VSM swing equation, the actual per unit frequency ωPLL detected by the PLL is given
y (16). The phase angle used in the implementation of the PLL, for transformation of the measured three-phase voltage measurements
nto the PLL-oriented SRF, is then deﬁned by PLL according to (17):
ωPLL = ıωPLL + ωg (16)
dPLL
dt
= ωPLL · ωb (17)
.3.5. Virtual impedance and voltage controllers
As indicated in Fig. 1, the voltage amplitude reference vˆr
∗
resulting from the reactive power droop controller in Fig. 3 is passed through
 virtual impedance before it is used as a reference for controlling the voltage vo at the ﬁlter capacitors. This virtual impedance can
e considered as an emulation of the quasi-stationary characteristics of the synchronous impedance in a traditional SM.  The virtual
mpedance will inﬂuence the steady-state and dynamic operation of the VSM, and it will be shown how it can be used to shape the
ynamic characteristics of the system. Since power ﬂowing through the virtual inductance will cause a phase angle displacement between
he grid voltage and the virtual inertia position of the VSM, it will also reduce the sensitivity of the VSM to small disturbances in the grid.
he inﬂuence from the virtual resistance rv and inductance lv on the capacitor voltage reference vector v∗o is deﬁned on basis of the current
o according to [33,34]:
v∗o = vˆr∗ − (rv + j · ωVSM · lv) · io (18)
The resulting d- and q-axis voltage components v∗
o,d
and v∗o,q are used directly as references for the decoupled SRF PI voltage controllers
s shown in the left part of Fig. 6.
The detailed structure of the SRF PI controllers for the ﬁlter capacitor voltage is shown in the middle of Fig. 6, and is producing the
eference values i∗cv for the converter currents [27]. These current references can be expressed by (19), where the PI controller gains are
eﬁned by kpv and kiv. A gain factor kfﬁ that can be set to 1 or 0 is used to enable or disable the feed-forward of measured currents ﬂowing
nto the grid. It should also be noted that the decoupling terms of the voltage controller are based on the per unit speed of the VSM inertia
s deﬁned in (6). The states  are deﬁned to represent the integrators of the PI voltage controllers as given by (20):
i∗cv = kpv(v∗o − vo) + kiv + j · c1 · ωVSM · vo + kffi · io (19)
d
d
= v∗o − vo (20)
The current references from the voltage controllers should be limited to avoid over-currents in case of voltage drops, fault conditions
r other severe transients. This also implies that the voltage controllers must be protected from windup conditions in case the current
eferences are saturated. However, the required limitations and anti-windup techniques for the investigated VSM scheme are similar to
hat is needed in conventional droop-based control schemes with cascaded SRF voltage and current controllers, as for instance discussed
n [28]. Since these limitations are not inﬂuencing the dynamics of the control scheme within the normal operating range, further details
ill not be discussed here.
.3.6. Current controllers and active damping
The applied inner loop current controllers are conventional SRF PI controllers with decoupling terms [27,35], as shown in the right side
art of Fig. 6. The output voltage reference from the controller is deﬁned by (21), where the resulting voltage reference for the converter
s denoted by v∗cv. The proportional and integral gains of the PI controller are deﬁned by kpc and kic, and a gain factor kffv is used to disable
r enable the voltage feed-forward in the output of the current controllers. The states  are deﬁned to represent the integrators of the PI
ontrollers according to (22):v∗cv = kpc(i∗cv − icv) + kic ·  + j · l1 · ωVSM · icv + kff v · vo − v∗AD (21)
d
dt
= i∗cv − icv (22)
ﬁ
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In (21), the voltage reference for the converter also includes an active damping term v∗AD designed for suppressing LC oscillations in the
lter [36]. The implementation of the active damping algorithm is shown in Fig. 7, and is based on high pass ﬁltering of the measured voltage
o, obtained from the difference between vo and the low pass ﬁltered value of the same voltage. The resulting high pass ﬁltered signal is
hen scaled by the gain kAD according to (23) and subtracted from the output of the current controllers to cancel detected oscillations in
he capacitor voltages:
v∗AD = kAD(vo − ) (23)
The corresponding internal states  of the low pass ﬁlters used for the active damping are deﬁned by (24), where ωAD is the cut-off
requency:
d
dt
= ωAD · vo − ωAD ·  (24)
For the practical implementation of the VSC control system, the voltage reference v∗cv resulting from the current controller and the
ctive damping is divided by the measured DC-link voltage to result in the modulation index m as shown to the right of Fig. 6. Neglecting
he switching operation of the converter and any delay due to the PWM  implementation, the instantaneous average value of the per unit
onverter output voltage is given by the product of the modulation index and the actual DC-voltage. Under this assumption, the output
onverter voltage will be approximately equal to the voltage reference as summarized by (25) [37]:
m = v
∗
cv
vDC
, vcv = m · vDC → vcv ≈ v∗cv (25)
Thus, the AC side operation of the converter will be effectively decoupled from any dynamics in the DC voltage, and it is not necessary
o further discuss or model the DC side of the converter for achieving an accurate representation of the dynamics on the AC side. It
hould be noted that the actual source or storage unit connected to the DC link of the converter might still impose restrictions on the
llowable power exchange during various operating conditions. However, to maintain generality and avoid detailed discussion of particular
pplication-speciﬁc limitations it will be assumed that the power requested from the AC side is always available at the DC link of the
onverter.
.3.7. Electrical system equations
The electrical system included in the model according to Fig. 1 consists of a set of ﬁlter inductors connected to the converter, a shunt
apacitor bank representing the capacitance of the LC ﬁlter, and a Thévenin equivalent of the grid. This simple structure is assumed to
chieve a simple model that mainly includes the dynamics of the converter control system and its interaction with the equivalent grid
oltage. However, a more complex AC grid topology can be easily included in the model for both simulations and analysis. Considering an
nstantaneous average model of the converter, the SRF state space equations of the electrical system can be established as given by (26)
27,35]:
dicv
dt
= ωb
lf
vcv − ωb
lf
vo −
(
rlf ωb
lf
+ j · ωgωb
)
icv
dvo
dt
= ωb
cf
icv − ωb
cf
ig − j · ωgωb · vo
dio
dt
= ωb
lg
vo − ωb
lg
vg −
(
rgωb
lg
+ j · ωgωb
)
io
(26)
In these equations icv is the ﬁlter inductor current, vcv is the converter output voltage, vo is the voltage at the ﬁlter capacitors, ig is the
urrent ﬂowing into the grid equivalent and vg is the grid equivalent voltage. The inductance and equivalent resistance of the ﬁlter inductor
s given by lf and rlf, the ﬁlter capacitor is cf, while the grid inductance and resistance are given by lg and rg. The per unit grid frequency is
iven by ωg, while the base angular grid frequency is deﬁned by ωb. It should be noted that the state space model from (26) can represent
he electrical system in any SRF, but in this case the system will always be modelled in the SRF deﬁned by the VSM swing equation.
It should also be noted that the presented model only represents the case of grid-connected operation, while the investigated VSM
cheme is inherently suitable for stand-alone operation. In this case the operational frequency will only be determined by the actual load
n the system, the power-frequency droop gain and the power and frequency references for the VSM. Further details on modelling of the
nvestigated VSM implementation in islanded operation, and corresponding analysis of the dynamic characteristics in stand-alone mode
an be found in [38].
.4. Non-linear system model in grid-connected operation
All equations needed for detailed modelling of the VSM conﬁguration in grid-connected operation have been presented in the previous
ub-sections, and can be reduced to a model on state-space form with 19 distinct state variables and 6 input signals, with the state vector
 and the input vector u deﬁned by (27). The resulting non-linear state-space model of the overall system is given by (28):[
x =
vo,d vo,q icv,d icv,q d q io,d io,q ϕd ϕq. . .
. . . vPLL,d vPLL,q εPLL ıVSM d q qm ıωVSM ıPLL
]T
u =
[
p∗ q∗ vˆg vˆ
∗ ω∗ ωg
]T (27)
1m
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dvo,d
dt
= ωbωgvo,q +
ωb
cf
icv,d −
ωb
cf
io,d
dvo,q
dt
=  −ωbωgvo,d +
ωb
cf
icv,q − ωbcf
io,q
dicv,d
dt
= ωb(kff v − 1 − kAD − kpckpv)
lf
vo,d −
ωbcf kpc
lf
ωgvo,q −
ωb(kpc + rf )
lf
icv,d +
ωbkic
lf
d +
ωbkpc(kffi − kpvrv)
lf
io,d +
ωbkpckpvlv
lf
ωgio,q
+ωbkAD
lf
ϕd +
ωbkivkpc
lf
d −
ωbkpckpvkq
lf
qm − ωbicv,qıωVSM +
ωbkpckpvlv
lf
io,qıωVSM −
ωbcf kpc
lf
vo,qıωVSM +
ωbkpckpvkq
lf
q∗ + ωbkpckpv
lf
vˆ∗
dicv,q
dt
= ωbcf kpc
lf
ωgvo,d +
ωb(kff v − 1 − kAD − kpckpv)
lf
vo,q −
ωb(kpc + rf )
lf
icv,q + ωbkic
lf
q −
ωbkpckpvlv
lf
ωgio,d +
ωbkpc(kffi − kpvrv)
lf
io,q
+ωbkAD
lf
ϕq +
ωbkivkpc
lf
q + ωbicv,dıωVSM −
ωbkpckpvlv
lf
io,dıωVSM +
ωbcf kpc
lf
vo,dıωVSM
dd
dt
= −kpvvo,d − cf ωgvo,q − icv,d + (kffi − kpvrv)io,d + kpvlvωgio,q + kivd − kpvkqqm + kpvlvio,qıωVSM − cf vo,qıωVSM + kpvkqq∗ + kpvvˆ∗
dd
dt
= cf ωgvo,d − kpvvo,q − icv,q − kpvlvωgio,d + (kffi − kpvrv)io,q + kivq − kpvlvio,dıωVSM + cf vo,dıωVSM
dio,d
dt
= ωb
lg
vo,d −
ωbrg
lg
io,d + ωbωgio,q +
ωbvˆg cos(ıVSM)
lg
dio,q
dt
= ωb
lg
vo,q − ωbωgio,d −
ωbrg
lg
io,q +
ωbvˆg sin(ıVSM)
lg
dϕd
dt
= ωADvo,d − ωADϕd
dϕq
dt
= ωADvo,q − ωADϕq
dvPLL,d
dt
= ωLP,PLLvo,d cos(ıPLL − ıVSM) + ωLP,PLLvo,q sin(ıPLL − ıVSM) − ωLP,PLLvPLL,d
dvPLL,q
dt
= −ωLP,PLLvo,d sin(ıPLL − ıVSM) + ωLP,PLLvo,q cos(ıPLL − ıVSM) − ωLP,PLLvPLL,q
dεPLL
dt
= tan−1
(
vPLL,q
vPLL,d
)
dıVSM
dt
= ωbıωVSM
dıd
dt
= −vo,d − rvio,d + lvωgio,q − kqqm + lvio,qıωVSM + kqq∗ + vˆ∗
dıq
dt
= −vo,q − lvωgio,d − rvio,q − lvio,dıωVSM
dqm
dt
=  −ωf io,qvo,d + ωf io,dvo,q − ωf qm
dıωVSM
dt
= − 1
Ta
io,dvo,d −
1
Ta
io,qvo,q +
kdkp,PLL
Ta
tan−1
(
vPLL,q
vPLL,d
)
+ kdki,PLL
Ta
εPLL −
kd + kω
Ta
ıωVSM +
1
Ta
p∗ + kω
Ta
ω∗ − kω
Ta
ωg
dıPLL
dt
= ωbkp,PLL tan−1
(
vPLL,q
vPLL,d
)
+ ωbki,PLLεPLL
(28)
The steady state operating point of the system under any combinations of input signals can be found by solving this nonlinear system
odel with derivative terms set to zero.
.5. Small signal model of the reference VSM
Since the state-space model from (28) is nonlinear, classical stability assessment techniques based on eigenvalues are not directly
pplicable. Thus, in this section, a corresponding linearized small-signal state-space model is derived in the form given by:
	x˙  = A · 	x  + B · 	u.  (29)
here the preﬁx 	 denotes small-signal deviations around the steady-state operating point [30]. The values of the state variables at this
inearization point are denoted by subscript ‘0’ when they appear in the matrices. For convenience of notation, the dynamic matrix A is
xpressed through four sub-matrices according to:[
	x˙1
	x˙2
]
=
[
A11 A12
A21 A22
]
·
[
	x1
	x2
]
+ B · 	u  (30)
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here A11, A12, A13 and A22 are given by (31)–(34), while the B matrix is given by (35):
A11 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 ωbωg,0
ωb
cf
0  0 0  −
ωb
cf
0  0 0
−ωbωg,0 0 0
ωb
cf
0  0 0 −
ωb
cf
0  0
ωb(kff v − 1  − kAD −  kpckpv)
lf
−
ωbcf kpcωg,0
lf
−
ωb(kpc +  rf )
lf
0
ωbkic
lf
0
ωbkpc (kffi −  kpvrv)
lf
ωbkpckpv lvωg,0
lf
ωbkAD
lf
0
ωbcf kpcωg,0
lf
ωb(kff  v −  1  − kAD −  kpckpv)
lf
0  −
ωb(kpc +  rf )
lf
0
ωbkic
lf
−
ωbωgkpckpv lv
lf
ωbkpc (kffi −  kpvrv)
lf
0
ωbkAD
lf
−kpv −cf ωg,0 −1  0 0 0 kffi −  kpvrv kpv lvωg,0 0  0
cf ωg,0 −kpv 0 −1  0 0 −kpv lvωg,0 kffi −  kpvrv 0 0
ωb
lg
0  0 0 0 0 −
ωbrg
lg
ωbωg,0 0  0
0
ωb
lg
0  0 0 0 −ωbωg,0 −
ωbrg
lg
0  0
ωAD 0 0 0 0 0 0 0 −ωAD 0
0 ωAD 0  0 0 0 0 0 0 −ωAD
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(31)
A12 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0
ωbkivkpc
lf
0 −ωbkpckpvkq
lf
ωb(−lf icv,q,0 + kpckpvlvio,q,0 − cf kpcvo,q,0)
lf
0
0 0 0 0 0
ωbkivkpc
lf
0
ωb(lf icv,d,0 − kpckpvlvio,d,0 + cf kpcvo,d,0)
lf
0
0 0 0 0 kiv 0 −kpvkq kpvlvio,q,0 − cf vo,q,0 0
0 0 0 0 0 kiv 0 −kpvlvio,d,0 + cf vo,d,0 0
0 0 0
ωbvˆg,0 sin(ıVSM,0)
lg
0 0 0 0 0
0 0 0
ωbvˆg,0 cos(ıVSM,0)
lg
0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(32)
A21 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ωLP,PLL cos(ıPLL,0 − ıVSM,0) ωLP,PLL sin(ıPLL,0 − ıVSM,0) 0 0 0 0 0 0 0 0
−ωLP,PLL sin(ıPLL,0 − ıVSM,0) ωLP,PLL cos(ıPLL,0 − ıVSM,0) 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 −rv ωglv 0 0
0 −1 0 0 0 0 −ωglv −rv 0 0
−ωf io,q,0 ωf io,d,0 0 0 0 0 ωf vo,q,0 −ωf vo,d,0 0 0
− io,d,0
Ta
− io,q,0
Ta
0 0 0 0 − vo,d,0
Ta
− vo,q,0
Ta
0 0
0 0 0 0 0 0 0 0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(33)
A22 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
−ωLP,PLL 0 0 −ωLP,PLL
(
vo,q,0 cos(ıPLL,0 − ıVSM,0)
−  vo,d,0 sin(ıPLL,0 − ıVSM,0)
)
0 0 0 0 ωLP,PLL
(
vo,q,0 cos(ıPLL,0 − ıVSM,0)
−  vo,d,0 sin(ıPLL,0 − ıVSM,0)
)
0 −ωLP,PLL 0 ωLP,PLL
(
vo,d,0 cos(ıPLL,0 − ıVSM,0)
+  vo,q,0 sin(ıPLL,0 − ıVSM,0)
)
0 0 0 0 −ωLP,PLL
(
vo,d,0 cos(ıPLL,0 − ıVSM,0)
+  vo,q,0 sin(ıPLL,0 − ıVSM,0)
)
0
1
vPLL,d,0
0 0 0 0 0 0 0
0  0 0 0 0 0 0 ωb 0
0  0 0 0 0 0 −kq lv io,q,0 0
0  0 0 0 0 0 0 −lv io,d,0 0
0  0 0 0 0 0 −ωf 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
(34)⎢⎢⎢⎣ 0 kdkp,PLLTavPLL,d,0 kdki,PLLTa 0 0 0 0 − kd + kωTa 0
0
ωbkp,PLL
vPLL,d,0
ωbki,PLL 0 0 0 0 0 0
⎥⎥⎥⎦
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B =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0 0 0 ωbvo,q,0
0 0 0 0 0 −ωbvo,d,0
0
ωbkpckpvkq
lf
0
ωbkpckpv
lf
0
ωbkpc(kpvlvio,q,0 − cf vo,q,0)
lf
0 0 0 0 0
ωbkpc(−kpvlvio,d,0 + cf vo,d,0)
lf
0 kpvkq 0 kpv 0 kpvlvio,q,0 − cf vo,q,0
0 0 0 0 0 −kpvlvio,d,0 + cf vo,d,0
0 0 −ωb cos(ıVSM,0)
lg
0 0 ωbio,q,0
0 0
ωb sin(ıVSM,0)
lg
0 0 ωbio,d,0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 kq 0 1 0 lvio,q,0
0 0 0 0 0 −lvio,d,0
0 0 0 0 0 0
1
Ta
0 0 0
kω
Ta
−kω
Ta
0 0 0 0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(35)
4. Dynamic operation of the reference VSM implementation
The functional behaviour of the reference VSM implementation is illustrated in this section by means of numerical simulations of a few
relevant cases. A dynamic model of the investigated system and its corresponding small-signal state-space model have been implemented
in Matlab Simulink with the set of parameters listed in Table 1. The parameters of the PI current and voltage controller in this table are
obtained by the Modulus Optimum (MO) and Symmetrical Optimum (SO) criteria, respectively, according to the approach explained in
[14,39], assuming a switching frequency of 5 kHz. Similarly, the PI controller parameters of the PLL are calculated by the SO criterion
assuming a low pass ﬁlter with crossover frequency of 500 rad/s. The inertia time constant of the VSM is selected to emulate a SM with
an intermediate inertia representative for a distributed generation unit, while the other parameters are selected by experience-based
trial-and-error.
Fig. 6. Virtual inductance, voltage control and current control.
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Fig. 7. Implementation of active damping.
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Table  1
Parameters of investigated VSM conﬁguration.
Parameter Value Parameter Value
Rated voltage VS,LL,RMS 690 V Filter inductance lf 0.08 pu
Rated power Sb 2.75 MVA Filter resistance rlf 0.003 pu
Rated  angular frequency ωb 2*50 Hz Filter capacitance cf 0.074 pu
VSM  Inertia constant Ta 2 s Grid inductance lg 0.20 pu
VSM  Damping coefﬁcient kd 400 Grid resistance rg 0.01 pu
Current controller gain: kpc , kic 1.27, 14.3 Grid voltage vˆg 1.0 pu
Voltage controler gain: kpv , kiv 0.59, 736 Active damping ﬁlter ωAD 50 rad/s
Power  reference p* 0.5 pu Active damping gain kAD 0.5 pu
Frequency droop gain kω 20 pu Virtual Inductance lv 0.2 pu
Reactive power reference q* 0.0 pu Virtual Resistance rv 0.0 pu
Reactive power droop gain kq 0.2 pu PLL ﬁlter ωLP,PLL 500 rad/s
4
0
i
s
T
e
t
i
r
t
mReactive power ﬁlter ωf 1000 rad/s PLL proportional gain kp,PLL 0.084
Voltage reference vˆ∗ 1.02 pu PLL integral gain ki,PLL 4.69
.1. Dynamic response to change in loading
In the ﬁrst simulated case, the dynamic response of the system is examined for a step in the power reference input to the VSM from
.5 pu to 0.7 pu when the grid frequency and the reference frequency are both equal to 1.0 pu. This case is equivalent to a sudden increase
n the input power or torque on the shaft of a SM connected to an inﬁnite bus.
The power reference and the resulting electrical power from the VSM are plotted in Fig. 8, where it is shown that the VSM with the
elected parameters exhibits a smooth transient response and reaches steady state conditions in approximately 1 s without any overshoot.
he step change in the reference triggers also a dynamic response in the rotating speed of the virtual inertia, as shown in Fig. 9. Indeed, the
xcess “mechanical” power input is accumulated in the virtual inertia of the VSM, resulting in an increasing speed during the ﬁrst part of
he transient. This leads to an increase in the phase angle between the VSM-oriented reference frame and the grid voltage vector as shown
n the upper part of Fig. 10, until the electrical power output from the machine balances its “mechanical” input. When the electrical power
eaches the input power and the steady-state power balance of the system is restored, the rotational speed of the virtual inertia returns to
he synchronous speed of the grid source, just as for a traditional SM.The transient behaviour shown in the presented curves exhibits the same general characteristics as for a conventional SM,  but with a
ore damped response. Indeed, the VSM replicates the behaviour of a classical SM,  but its parameters do not have to comply with any
Fig. 8. Response of nonlinear model and linearized small-signal model to a step in the power reference input.
Fig. 9. Response of the VSM speed to a step in the power input.
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sFig. 10. Phase angle displacements of the VSM and PLL reference frames with respect to the grid voltage in response to the step in power reference.
hysical design constraint. Thus, the parameters of the VSM can be selected with more freedom, without considering any efﬁciency aspects.
n particular, power losses due to the damping effects of the VSM appear only in the control system and not in any physical circuit.
The reference frame orientation of the PLL with respect to the grid voltage vector is shown in the lower part of Fig. 10, illustrating how
he phase angle of the voltage at the ﬁlter capacitors is changing with the power ﬂow due to the grid impedance. However, it is noticeable
ow the phase angle of the VSM changes more than for the PLL, due to the virtual inductance included in the VSM. Thus, the VSM phase
ngle can be considered as equivalent to the phase angle of the internal voltage behind the synchronous reactance of a traditional SM,
hile the PLL is tracking the phase angle of the voltage at the terminals of the VSM.
The reactive power ﬂow from the VSM is shown in Fig. 11, to illustrate the very small change in the reactive power ﬂow due to the
roop controller’s response to the change of operating conditions when the active power ﬂow is changed. The plot also indicates small
scillation at a relatively high frequency. This response is mainly due to the response of the LC ﬁlter and the measurement ﬁlter used in
he droop controller.
The presented ﬁgures include results from simulation of the non-linear model of the VSM as well as results from simulating the same
vents with the linearized small-signal state-space model in the same plots. It can be observed that all the curves indicate an excellent
atch between the two models, for both the fast and slow transients in the system, as long as the operating point stays close enough to
he linearization point. This veriﬁes the validity of the linearized model around the steady-state operating point, and indicates that it can
e used for investigating system stability and the inﬂuence of parametric variations by traditional techniques for linear system analysis.
.2. Response to change in the grid frequency
The results from an additional simulation case are shown in Figs. 12 and 13, where the grid frequency of the system is ramped down
rom 1.0 pu to 0.995 pu as shown in the upper part of Fig. 12. Due to this change of grid frequency, the frequency droop gain speciﬁed
y kω is activated and the VSM increases its power output in steady state. The VSM speed follows the grid frequency, releasing energy
rom its inertia corresponding to the change of speed, and settles at the new operating frequency of the grid with increased power output
o contribute to the frequency control of the power system. This can also be seen from the power ﬂow in Fig. 12 and the corresponding
onverter currents in Fig. 13.
However, for the linearized small signal model, it should be remembered that the speed deviation from the linearization point in steady
tate must be zero for the phase angle speciﬁed by (5) to settle to a constant value. This implies that the linearized model of the VSM
Fig. 11. Response of reactive power ﬂow to the step in active power reference.
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Fig. 12. Response of the VSM power ﬂow to a change in the grid frequency.
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SFig. 13. Converter currents as a response to the change of operating conditions when the grid frequency changes.
onnected to an inﬁnite bus cannot correctly represent the dynamic transition into a new operating point with a different grid frequency
han at the linearization point. Thus, a small deviation between the non-linear and linearized models can be observed while the frequency
s changing and for a short transient after the frequency has settled to its new steady-state value, as shown by the curves in Figs. 12 and 13.
his is because the grid frequency is not a state variable in the developed small-signal model. Still, the contribution from the change of
rid frequency through the B-matrix from (35) is able to represent the corresponding change of power ﬂow also for the linearized model.
hus, the results presented in Figs. 12 and 13 are demonstrating that the VSM is operating as intended, while at the same time revealing
ome of the limitations of the developed small-signal model.
.3. System eigenvalue analysis
Since the developed linearized small-signal model has been shown to accurately represent the investigated system for small deviations
round the linearization point, the eigenvalues of the A matrix can be calculated to systematically identify all the modes of the system.
he resulting system eigenvalues for the operating point corresponding to the conditions given in Table 1 are listed in Table 2.For assessing the system stability, the slow and poorly damped poles are of main interest. It can be noticed from the eigenvalues in
able 2, that the system has several real poles close to the origin and two  pairs of complex conjugate poles with small real parts and low
scillation frequency. There are also two pairs of high frequency poles, and one pair of fast poles close to the real axis.
able 2
ystem eigenvalues.

1 = −500 
12 = − 224

2,3 = −1460 ± j 4498 
13,14 = −6.8 ± j 26.4

4,5 = −1272 ± j 4329 
15 = −50.8

6,7 = −2262 ± j 225 
16 = −50.6

8 = −1002 
17 = −37.0

9 = −470 
18 = −11.2

10,11 = −19.5 ± j 245 
19 = −11.2
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Fig. 14. Root locus of all system poles when the power reference p* is swept through the full operating range of the VSM.
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bFig. 15. Root locus of the poles closest to the imaginary axis when the reactive power droop gain kq is swept from 0 to 1.
As already seen, the system is stable with the parameters and operating conditions speciﬁed in Table 1. Since the small signal model
as been shown to accurately represent the system around the linearization point, the system stability for the full operation range of the
SM has been investigated by plotting the system poles when the power reference p* is swept from −1.0 pu to 1.0 pu. This corresponds
o all the steady state operating conditions of the system that can be found by solving the nonlinear model from (28) as a function of the
ower reference while all other parameter values are as speciﬁed in Table 1. The result is shown in Fig. 14, where it can be seen that none
f the system poles are moving much when the steady state operating conditions are changed. This indicates that the VSM will exhibit
imilar dynamic response as already discussed for its entire allowed operating range.
Although the system is stable for the full range of operating conditions with the parameters and operating conditions from Table 1, it
hould be noted that the stability can still be sensitive to variations in the system parameters. For instance, an investigation of a similar
onﬁguration reported in [14] indicated that stable operation of the system will be challenging if the switching frequency and thus the
andwidth of the inner loop current controllers is low. In such a case, or due to other changes in the parameters of the inner loop controllers,
he poles with the highest imaginary parts, which are associated with the LC ﬁlter of the system, can easily move into the right half-plane
nd cause instability.
There are also other potential parameters that can cause instability in the system under certain conditions. As an example, the trajectory
f the poles closest to the imaginary axis are shown in Fig. 15 when the reactive power droop gain k is swept from 0 to 1.0. The changeq
f the pole location is indicated with a colour gradient, starting from blue when kq is 0 and changing towards red as kq increases. It can be
een from the ﬁgure that one pair of complex conjugate poles are moving towards the imaginary axis, and are causing instability when kq
ecomes too high. Similar investigations of stability limitations can easily be carried out for any of the system parameters, and can be used
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Fig. 16. Parametric sensitivity of the pole resulting in instability with high values of kq .
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o support the tuning of the controllers as long as one single or a few clearly identiﬁed parameters are responsible for the stability problems
n a particular system conﬁguration. Such studies can be of high importance, considering the utilization of the VSM in a SmartGrid scenario
ith large expected variations in grid conﬁgurations, operating conditions and system parameters.
.4. Parametric sensitivity of critical poles
Investigation of the system stability by ad hoc variations of the controller parameters is challenging for a high order system as the
nvestigated VSM, especially if several parameters are inﬂuencing the same pole. To more easily identify the parameters that should be
odiﬁed to improve the stability and dynamic performance of the system, the parameter sensitivity of pole locations can instead be
tudied.
The parameter sensitivity of the system poles is deﬁned as the derivative of the eigenvalues with respect to the system parameters.
or a dynamic system of order N and with a set of K tunable parameters, the sensitivities deﬁne a sensitivity matrix of N by K complex
lements. The relative sensitivity ˛n,k of the parameter k with respect to the eigenvalue n can be expressed by (36), where Tn and n are
he left and right eigenvectors associated to the eigenvalue 
n [14,30]:
˛n,k =
∂
n
∂k
=
Tn
∂A
∂k
n
Tnn
(36)
The real part of these sensitivities is directly associated to the derivatives of the pole location along the real axis with respect to each
arameters. Thus, a positive value means that the investigated pole will be moved towards the right by an increase of the corresponding
arameter. Similarly, the imaginary part of the sensitivity is associated with the derivative of the pole location along the imaginary axis.
owever, since the real parts of the pole locations determine the stability and corresponding time constant of the associated system mode,
nly the real part of the sensitivity matrix is investigated here.
An example of parametric sensitivity analysis for the pole causing instability in Fig. 15 is shown in Fig. 16. From this ﬁgure it can be
een that the investigated pole is mainly sensitive to the resistance in the grid and the virtual resistance of the VSM. However, the grid
esistance cannot be inﬂuenced by the VSM and the virtual resistance should preferably be kept at a low value to achieve a good decoupling
f the active and reactive power control of the VSM. Also the actual ﬁlter inductance of the converter and the virtual inductance of the VSM
ave some impact on this pole, but as the grid inductance cannot be inﬂuenced by the VSM only the virtual inductance can be modiﬁed
o improve the stability and dynamic response of the system. The parameter sensitivity also proves that the reactive power droop gain kq
as an inﬂuence on the pole, and that reducing the droop gain would help to move the pole towards the left. It can also be noticed that
n increase of the voltage controller gain kpv can bring the pole towards the left, while all other adjustable parameters have negligible
nﬂuence on the pole location. Thus, the main parameters that can be used to inﬂuence the location of this pole are the droop gain, the
oltage controller gain and the virtual inductance.
Another example of a parameter sensitivity analysis is shown in Fig. 17, for the pole with the highest imaginary part. This is one of the
oles that can cause instability due to resonance in the LC ﬁlter, even if it is very well damped in this case due to the implemented active
amping algorithm. It can, however, be seen that it is sensitive to the physical parameters of the LC ﬁlter and the grid, and it is also clear
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hat the location of this pole can be inﬂuenced by the proportional gains of the voltage and current controllers, as well as the gain of the
ctive damping algorithm kAD.
In case of stability problems in the system, such parameter sensitivity analysis can be easily performed for any of the implicated poles.
owever, it should be remembered that the change of a parameter to improve the stability conditions or dynamic response associated
ith one pole, might move another pole in the wrong direction. If that is the case, manual tuning of the controller parameters might be
hallenging even with support from parameter sensitivity analysis. However, as proposed in [14], it is possible to design automated iterative
rocedures that can help to bring the pole locations of the system into stable conditions with improved dynamic response. Such approaches
ight be necessary if a high order system like the investigated VSM is interfaced with other dynamic models and the interaction between
he states in the various parts of the overall system model is causing instabilities or poorly damped dynamic responses. The presented VSM
odel and the tools applied to analyze the properties of the investigated conﬁguration provide a starting point for studying the operation
f VSM performance in a larger scale system as will be the case in a SmartGrid scenario.
. Conclusion
The concept of a Virtual Synchronous Machine (VSM) as an approach for controlling power electronics converters to replicate the
ehavioural characteristics of Synchronous Machines (SMs) has been introduced during the last decade. This paper has highlighted the
nherent advantages of the VSM as a possible alternative for releasing the potential advantages of distributed autonomous control actions
f power electronics converters in the SmartGrid context. An implementation of the VSM concept based on an emulated swing equation
roviding references for cascaded voltage and current controllers has been presented in detail. In particular, a nonlinear mathematical
odel of the investigated VSM scheme, and its linearized small-signal equivalent, has been derived. These models have been simulated
umerically in order to verify and illustrate the behaviour of the VSM and a few of its inherent features. Finally, the system eigenvalues and
heir parametric sensitivities have been analyzed for the linearized system in order to provide further insight into the dynamic properties
nd stability characteristics of this VSM implementation. Thus, in addition to the detailed description of a VSM implementation suitable
or power system applications in the SmartGrid context, the paper has also presented and veriﬁed the models needed for accurately
epresenting the impact of this VSM implementation on the power system in larger scale small-signal power system stability studies.
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